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SECTION  I 


INTRODUCTION 


In  this  report,  the  problem  of  determining  the  probability  of  kill  of  a 
fragment  sensitive  target  when  attacked  by  multiple  weapons  (all  of  them 
identical)  is  discussed.  Both  independent  ar.d  stick  delivery  of  weapons  are 
considered.  This  class  of  problem  was  first  considered  by  R.  Snow  and  M.  Ryan 
[2]  in  1970.  The  methodology  used  in  this  report  is  closely  related  to  this 
previous  work.  This  is  true,  in  particular,  when  it  is  assumed  that  for  the 
stick  delivery  of  weapons  each  weapoi.  is  subject  to  ballistic  errors  which 
are  statistically  independent,  but  the  entire  stick  pattern  is  subject  as  a 
whole  to  aiming  error.  A  decomposition  principle  which  may  be  verified  for 
single  weapon  delivery  and  independent  delivery  is  used  to  obtain  a  general 
expression  for  the  probability  of  kill. 

For  a  stick  or  ripple  delivery  of  n  general  purpose  (GP)  bombs,  the 
probability  of  kill  of  a  point  target  is  affected  by: 

a.  The  damage  function  of  the  individual  weapons. 

b.  The  overlap  between  the  weapons. 

c.  The  stick  delivery  pattern. 

d.  The  uncertainties  due  to  the  individual  ballistic  errors  of 
each  weapon. 

e.  The  aiming  error  of  the  center  of  the  stick  pattern. 

With  a  preset  timing  of  the  intervalometer ,  each  weapon  i,  i=l,?,...,n, 
is  targeted  or  aimed  at  a  mean  point  of  impact  MPI-  on  the  assumption  that  the 
center  of  the  stick  pattern  is  aimed  at  the  point  target.  Altnough  this 
center  is  usually  taken  to  be  the  center  of  gravity  of  the  MPI/s,  different 
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criteria  would  define  different  centers.  The  MPI^'s  of  all  the  weapons  form 
the  stick  pattern. 

The  weapon  is  assumed  to  be  subject  to  an  individual  ballistic  error 
about  its  MP l ^ .  This  ballistic  error  is  measured  as  the  abscissa  (range)  and 
ordinate  (deflection)  distances  between  MPI^  and  the  actual  point  of  Impact  of 
the  weapon.  These  distances  are  assumed  to  ba  independently  and  Gaussian 
distributed  with  iiean  defined  by  the  coordinates  of  the  MPI-  and  with  known 
standard  deviations.  The  ballistic  errors  of  all  n  weapons  are  assumed  to  be 
independently  distributed. 

Assume  the  x-axis  to  be  in  the  direction  of  range  and  the  y-axis  to  be  in 
the  direction  of  deflection.  The  center  of  the  stick  pattern  is  assumed  to  be 
aimed  at  the  point  target  located  at  (u,v).  Let  (x,y)  be  the  actual  point  of 
impact  of  the  center  of  the  stick  pattern.  This  center  is  assumed  to  be 
subject  to  an  aiming  error.  The  aiming  error  is  defined  by  the  distances 
x-u  and  y-v  and  these  are  assumed  to  have  a  Gaussian  distribution  with  mean 
zeroes  and  given  standard  deviations.  The  aiming  errors  in  each  of  the  x  and 
y  directions  are  assumed  to  be  independent.  Further,  the  aiming  errors  are 
assumed  to  be  independent  of  any  of  the  ballistic  errors  associated  with  the 
individual  weapons. 

To  determine  the  probability  of  kill  of  the  point  target  located  at 
(u.v),  one  has  to  construct  the  damage  function  of  the  stick  pattern  through 
the  inclusion  of  the  ballistic  errors.  This  is  followed  by  setting  up  the 
expression  for  the  probability  of  kill  of  the  point  target  by  incorporating 
the  aiming  error  of  the  center  of  the  stick  pattern.  Note  that  the  relative 
coordinate  distances  between  the  MPlj's,  i=l,?....,n,  and  the  center  location 
are  invariant.  It  is  a1 so  clear  that  if  the  center  is  subjpct  to  aiming 
error,  the  stick  pattern  as  a  whole  is  subject  to  aiming  error.  However,  the 
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aiming  errors  at  each  MPI^  are  dependent,  and  this  dependency  must  be  captured 
when  determining  tne  final  probability  of  kill. 

Before  discussing  the  general  problem  of  stick  delivey  of  multiple 
weapons  subject  to  ballistic  and  aiming  errors,  the  following  problems  are 
dealt  with  in  sequence: 

.  Single  weapon  delivery  with  ballistic  error  (no  aiming  error); 
Multiple  weapons  delivery  with  ballistic  error  (no  aiming  error); 
Multiple  weapons  delivery  in  a  stick  pattern:  no  ballistic 
error,  aiming  error  present  at  the  center; 

.  Single  weapon  delivery  with  ballistic  and  aiming  errors. 

There  are  two  reasons  for  investigating  these  special  situations.  First, 
they  provide  a  means  for  checking  the  validity  of  the  general  results  for 
multiple  weapons  by  considering  the  single  weapon  as  a  special  case.  Second, 
a  decomposition  principle  which  can  be  verified  for  single  weapon  and  iMepen- 
dent  delivery  is  later  used  to  tackle  the  stick  delivery  problem. 

Finally,  the  stick  delivery  of  two  weapons  is  discussed  in  detail.  The 
problems  discussed  consist  in  the  following: 

.  Derivation  of  the  explicit  expression  for  the  probability  of  kill 
of  a  point  target. 

Determination  of  the  optimum  stick  pattern  which  maximizes  the 
probability  of  kill . 

Estimation  of  the  variance  in  the  probability  of  kill  given 
uncertainty  in  measurements  in  selected  input  parameters. 


SECTION  II 


SINGLE  WEAPON  DELIVERY  WITH  BALLISTIC  ERROR 
(NO  AIMING  ERROR) 


(e,n) 

• 

target 

MPI 

(u.v) 

weapon 

(x,y) 

- - - > 


Consider  a  single  weapon  and  assume  that  the  x-axIs  is  taken  in  the 
direction  of  range  and  the  y-axis  is  taken  in  the  direction  of  deflection. 
Define  as  (u,v)  the  coordinates  of  the  point  target.  Suppose  that  the  weapon 
is  aimed  at  (c,n)  so  that  (c,n)  Is  the  MPI.  Let  the  weapon  subject  to 
ballistic  error  impact  at  (x,y).  The  ballistic  error  In  the  range  direction 
is  (x-O  and  in  the  deflection  direction  is  (y-n).  (x-O  and  (y-n)  are 
assumed  to  he  independently  distributed,  each  having  a  Gaussian  distribution 
with  zero  mean  and  respective  standard  deviations  and  a,,.  Thus,  If  f^(*) 
and  f  (.)  represent  the  respective  probability  density  functions  of  (x-0  and 
(y-n)  one  has 


f  (x-O  =  — - -  exp  [- 


/  2tt  ?.o ^ 


f2(y-n)  =  - -  exp[-  ] 


<?2  ^2* 


?°Z 


(1) 

(2) 
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Now  the  probability  of  Kill  at  (u,v)  given  tnat  the  weapon  impacts  at  (x, 
assumed  to  be  given  by  the  three- parameter  Carleton  damage  function 

D(u-x,  v-y)  =  0  exp{  -  +  [^-)?]) 

x  y 

Then : 

Probability  of  kill  at  (u,v)  = 

oo  ac 

Pjj  =  /  /  [Probability  of  kill  at  (u,v)|weapon  impacts  at  (x,yl] 

.OO  m£D 

[Probability  weapon  impacts  between  (xky)  and  (x+dx,y+dy)] 

<3Q 

pk  =  /  /  D(u-x,v-y)  fj(x-£)  f?(y-n)  dx  dy 


Let  w  =  x-£  and  z  =  y-n ,  then 


pk  =  /  /  D[(u-£)-w,  ( v-n ) - z]  fj(w)  f2(z)  dw  dz 


Using  (1),  (?)  and  (3)  one  obtains 


Pk  =  \  r  nn  expl-OoU^i^)2  ♦  (i*^)z]l 


1  2 

1  /  w  z 


1  r  l  '  w  £  \  1 

•  expi-  ^T'711  dw  dz 

IP  0,  o. 


1  2 


This  double  integral  can  be  explicitly  evaluated  to  yield 
Pk  =  Pk  (u-5  ,  v-n) 


y)  is 


(3) 


(4) 


(S) 
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SECTION  III 


MULTIPLE  WEAPONS  DELIVERY  WITH  BALLISTIC  ERROR 
(NO  AIMING  ERROR) 

Suppose  that  n  identical  weapons  are  delivered.  For  the  1th  weapon, 

i=lf? . n,  let  (5^ ,  n^)  be  the  point  at  which  it  Is  aimed  or  its  MPI.  The 

target  is  again  assumed  to  be  located  at  (u,v).  Then,  from  (7),  the 
probability  of  kill  of  the  target  due  to  weapon  i  is 


pk.  v‘ni) 


R  R  ,  u-5 .  -  v-n .  * 


The  probability  of  kill  of  the  target  due  to  all  n  weapons,  assuming  the 
weapons  act  independently  and  and  are  the  same  for  all  weapons,  can  be 
shown  to  be  (see  Appendix  A). 

p,5n)  (u,v)  =  1  -  n  [1  -  Pk  (u-£. ,  v-n,)] 
i=l  K  1  1 


1  -  n  [l  - 
i  =  l 


2qlq? 


=xp{-  \  l(-^-)2  *  (-^)?]|] 


Note  that  this  expression  depends  on  (u,v)  the  position  of  the  target,  and 
UfiDj)  ,  1  =  1, 2,. ..,n,  which  is  the  mean  point  of  impact  of  the  ith  weapon. 
(C^.n^)  is  not  the  actual  point  of  Impact  of  the  ith  weapon.  Thus  (11)  is  not 
actually  a  damage  function  which  usually  provides  an  expression  for  the 
probability  of  kill  of  a  target  as  a  function  of  the  location  of  the  target 
and  the  location  of  the  actual  point  of  impact  of  a  weapon.  Relation  (11) 
holds  true  whether  the  n  weapons  are  dropped  Independently  or  as  a  stick 
pattern,  as  long  as  the  ballistic  errors  are  assumed  to  be  independent. 
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SECTION  IV 


THE  CENTER  OF  THE  STICK  PATTERN 


For  a  stick  or  ripple  delivery,  the  arrays  of  all  the  MPI's  defined  by 
for  the  1th  weapon,  1-1, 2,. ..,n,  form  the  stick  pattern. 

The  center  of  the  stick  pattern  is  usually  used  as  the  reference  point  to 
deliver  the  stick.  For  example,  the  center  may  be  the  point  that  would  he 
aimed  at  a  point  target. 


1.  The  Center  of  Gravity 

This  center  is  often  taken  to  be  the  center  of  gravity  (£,n) 

pattern.  Thus,  one  has 

n  n 


and 


of  the 


(12) 


If  ( a i , b ^ )  are  the  coordinates  of  the  MPI  of  the  1th  weapon  referred  to 
U , n) ,  then 


1  ai  =  0 
1  =  1  1 


b 


1 


2.  Other  Measures  of  the  Center 

It  is  conceivable  to  select  other  centers  of  the  stick  pattern  based  on 
the  formulation  of  specific  criteria.  One  particular  center  which  stands  out 
is  the  one  that  maximizes  the  probability  of  kill  of  the  point  target. 

Assume  that  there  is  no  aiming  error;  then  the  problem  under  considera¬ 
tion  consists  in  determining  the  optimum  location  of  the  point  target  (u,v) 
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(considered  the  aimpoint  of  the  center)  relative  to  the  stick  pattern  so  as  to 
maximize  the  kill.  Using  expression  (10),  the  problem  can  he  stated  as 


Max 

u.v 


n 

i  -  n  [  i 
i=l 


(13) 
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SECTION  V 


MULTIPLE  WEAPONS  DELIVERY  IN  A  STICK  PATTERN;  NO  BALLISTIC  ERROR, 
AIMING  ERROR  PRESENT  AT  THE  CENTER 


1.  The  Model 

Suppose  that  n  weapons  are  delivered  in  a  stick  mode.  Let 

( C ^ , n -j )  =  coordinates  of  the  MPI  of  the  ith  weapon,  i=l,2,...,n; 

(x^.y^)  =  coordinates  of  the  actual  point  of  impact  of  the  ith  weapon; 

(£,n)  =  coordinates  of  the  MPI  of  the  center  of  the  stick  pattern 

(u,v)  =  coordinates  of  the  point  target; 

(x,y)  =  coordinates  of  the  actual  point  of  impact  of  the  center  of  the 

stick  pattern. 

Suppose  now  that  the  center  is  aimed  at  the  target  and  is  subject  to 
aiming  error.  Thus,  the  MPI  of  the  center  (£,n)  coincides  with  the  point 
target  (u,v).  The  aiming  errors  in  the  x  and  y  directions  are,  respectively, 
(x-u)  and  (y-v).  These  are  independently  distributed,  each  having  a  Gaussian 
distribution  with  zero  mean  and  each  having  respective  standard  deviations 
ax  and  0^.  Let  g^*)  and  g,,(*)  be  the  respective  probability  density 
functions  of  (x-u)  and  (y-v);  then 

9i  (x-u)  =  —  exp  [-  (14) 

1  /2*  *x  »l 

g ?(y-v)  =  —— —  exp[-  (15) 

/2*  a  2a 

y  y 

Clearly,  each  of  the  points  (£^,nj),  i=l,2,...,n,  will  be  subject  to  the 
same  aiming  error.  Recall  that  the  MPI  for  weapon  1  Is  (Cpn^).  Let  ( x-f  ,y-f ) 

be  the  actual  point  of  impact  of  weapon  1.  Note  that  (u,v)  is  the  center  of 
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all  the  MP I ^  points  (C^.n^),  whereas  (x  ,y  )  Is  the  centpr  of  all  actual 
Impact  points  (x^.y-j).  The  entire  stick  pattern  is  assumed  to  simply  be 
shifted  under  the  influence  of  the  aiming  error. 

Let  (a^,b^)  be  the  coordinates  of  the  MPi  of  the  1th  weapon  referred  to 
(u,v),  that  is  referred  to  the  MPI  of  the  center  of  the  stick  pattern.  Then 
(aj,bj)  will  also  be  the  coordinates  of  the  actual  impact  point  (xj.yj)  of  the 
ith  weapon  referred  to  (x,y)  and  one  has  the  relations 

€ i  =  u  +  a f  ;  n.  =  v  +  b.,  1*1,2,... ,n  (16) 

xi  ■  x  +  a{  ;  yi  =  y  +  bt ,  1*1,2,...  ,n  (17) 

The  probability  of  kill  at  (u,v)  due  to  all  n  weapons  given  that  (x^.y,-)  is 
the  point  of  impact  of  the  1th  weapon  Is,  using  (3): 

*  n 

Pk  =  1  -  n  [1-  n(u-x1 ,  v-yi)]  ’  (18) 

1*1 

Substituting  (17)  In  (18)  yields 

*  n 

Pk  *  1  -  n  [1  -  0( u-x-a  . ,  v-y-b ,)]  (19) 

K  1*1  11 

To  determine  the  net  probability  of  kill  Pky  of  the  target  located  at  (u,v), 
one  notes  that 

Pkj  *  probability  of  kill  at  (u,v)  » 

00  CO 

/  /  [Probability  of' kill  at  (u,v)|  center  of  stick  pattern  Impacts  at  (x,y)] 

«.O0  ’  ..00 
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[Probability  that  center  of  stick  pattern  Impacts  between  (x,y) 
and  (x  +  dx,  y  +  dy)] 

Using  (14),  (15),  and  (19),  one  obtains: 

OQ  00  p 

PkJ  =  /  /  {1  -  n  (l  -  0(u-x-af,  v-y-b1 )] }  g^x-u)  g2(y-v)dx  dy  (20) 

-»  1  =  1 

Making  the  changes  in  variables 

w  =  x-u  ;  z  =  y-v 

results  in 

PkT  =  /  /  {1-  n  [1  -  D(-w-a1 ,  -z-bj ))  g^w)  g2(z)  dw  dz  (21) 

_oo  -oo  1 =  1 

which  can  be  written  as 


pkT  =  pkT  <V  V**”  an ’  bl*b2,,,,,bn^ 


CO  00 


=  /  /  {l  -  n  [1  -  0  (w+aif  z+bi )]}  g^w)  g2(z)  dw  dz  (22) 

1*1 


.00  -00 


Using  the  explicit  expressions  for  0(*,»),  g^M  and  as  given  In  (3), 

(14),  and  (15)  yields 

PkT  ^al*  a2* "  *  ,an’  bl,b2’“*  *bn^ 

z+b. 


tr>  oo 


w+a 


/  /  (1-  n  [1  -  Dq  exp{-D0[(-^-)2  +  (-jp*)^}]} 

1*1  x  y 


>■*  2i 


wOO  — OO 


1 


1  /W2  .  z2 


?no  0  exp[-  2  {—  +  -r)]  dw  dz 
X  y  ax  °y 


(23) 
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0  x 


Consider  now  a  finite  target  element  of  area  A.  Let  (X,y)  be  the  center 
of  the  target  and  (u,v)  be  a  point  on  the  target.  It  Is  required  to  determine 
the  probability  of  kill  at  (u,v)  when  the  center  of  the  stick  or  ripple 
pattern  is  aimed  at  the  center  (X.y)  of  the  target.  Thus,  (u,v)  is  no  more 
the  MPI  of  the  center  of  the  stick  pattern. 

Because  of  aiming  error,  the  actual  impact  point  of  the  center  of  the 
stick  pattern  is  at  (x.y).  It  is  assumed  that  ( x-x )  and  (y-y)  are  indepen¬ 
dently  distributed  each  having  the  Gaussian  probability  density  function 


The  probability  of  kill  at  (u.v)  given  that  the  center  of  the  stick  pattern 
has  its  impact  point  at  (x.y)  is  still  given  by  expression  (19)  which  is 
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I 


pk  =  1  “  n  [1  -  H(u-x-a , ,  v-y-b,)j 
i  =  l  1  1 


(26) 


where  (a^,b^),  i=l, n,  are  the  coordinates  of  the  actual  points  of  impact 

of  the  weapons  referred  to  (x,y)  or  equivalently,  the  coordinates  of  the  MPI's 

of  the  weapons  referred  to  (5,n).  The  unconditional  probability  of  kill  at 

(u,v)  is  using  (24),  (25),  and  (26) 


CO  00 


kT 


(u,v,x,y)  -  f  J  { 1  -  n  [  1  -  D(u-x-a.,  v-y-b,))} 

-=o  -oo  1  1 


g1(x-X)  g2(y-y)  dx  dy 


Let  w  =  x-X  and  z  =  y-y 


Expression  (27)  becomes 


(27) 


( 28) 


oo  CO 


pkT(u,v,x,u)  =  /  /  {1  -  n  [l  -  0(u-w-X-a. ,  v-z-y-b.)]  g. (w)  g?(z)  dw  dz 

woo  -to  -j-J  '  lie 


mm  CO 


i  =  1 


n  u-w-x-a,  9  v-z-y-b,  „ 

-I  /(>-.«  (1  -  On  expj-  Dn(  k  *)*♦[ - R— 42}]} 

x  y 


j^r  exp{-|(^  +  ^)}  dw  dz 


(29) 


Select  now  arbitrarily  the  center  of  the  weapon  to  be  the  origin  of  the  system 
of  coordinates;  then  x  =  0  =  y.  Then,  the  expression  for  the  probability  of 
kill  at  (u,v)  written  as  Pkj(u,v),  as  given  by  (29)  becomes: 
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1 


(30) 


■  f  '  ll  -  !  (1  -  00  exp(-  0„[(^i)2  .  H^)2)|)| 

-®  -«  1=1  x  y 


2no  a  exP^"  2  ^  2  +  2^ 

x  y  o  o 

x  y 


Note  that  one  recovers  expression  (21)  by  setting  u  *  X  and  v  »  u  In 
expression  (29),  in  which  case  the  finite  target  element  is  reduced  to  a 
point. 

Suppose  that  the  target  is  a  rectangle  whose  sides  are  parallel  to  the 
coordinate  axes  and  have  dimensions  2*^  and  21^  center  of  the  rectangle 
coincides  with  the  origin.  The  fractional  coverage  of  the  target  Is  then 


FC  =  j  !  I  PkT(u ,v)  du  dv 
A 


i  l 
2  1 


=  L  l  PkT(u,v)  du  dv. 


'12  -t2  -tj 


(31) 
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SECTION  VI 

SINGLE  WEAPON  DELIVERY  WITH  BALLISTIC  ANO  AIMING  ERRORS 


1.  The  Model 


Consider  a  single  weapon  aimed  at  the  point  (C,n)  and  subject  to  both 
ballistic  errors  and  aiming  errors.  The  ballistic  errors  In  the  directions  of 
range  and  deflection  are, respectively,  Xj  and  Yj.  The  random  variables  Xj  and 
Y1  are  assumed  to  be  independent,  each  with  zero  mean  and  having  the  respective 
normal  probability  density  functions: 
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Clearly  W  =  £  +  Xj  +  X 

Z  =  n  +  Yj  +  Y  (-16) 

The  random  variables  W  and  Z  are  mutually  independent  and  are  normally 
distributed  with  respective  means 

E[W1  »  5  ;  E[Z]  *  n  (37) 

and  respective  variances: 

Var[W]  *  +  ojj;  Var[Z]  ■  o|  +  Oy  (38) 

Let  hw(w-5)  and  h^(z-n)  be  the  respective  probability  density  functions  of  W 
and  Z. 
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For  a  target  located  at  (u,v),  It  Is  required  to  determine  the  proba¬ 
bility  of  kill  of  the  target  assuming  that  the  damage  function  Is  of  the  form 
(3)  or 


£ 

% 


\ 


D(u-w,v-z)  =  00  exp{-  OgU^p-)2  +  (^-)2]} 

x  y 


(39) 


Probability  of  kill  at  (u,v)  = 


CO  00 


P.  =  /  /  [Probability  of  kill  at  (u,v) [weapon  impacts  at  (w,z)] 


_  OO  _00 


[Probability  weapon  Impacts  between  (w,z)  and  (w+dw,  z+dz)] 

Pk  =  j  /  D(u-w,  v-z)  hw(w-5)  hz(z-n)  dw  dz  (40) 


oo  oo 


.  00 


;5 


Let 


s  =  w-c  :  t  »  z-n 


OO  00 


pk  =  J  J  D(u-s-e,  v-t-n)  hy(s)  hz(t)  ds  dt 


OO  00 


=  /  /  D[(u-S)-s,  (v-n)-t]  hw(s)  hz(t)  ds  dt 


(41) 


„  T 


This  integral  is  of  the  same  form  as  (6);  hence,  by  similarity  to  (7),  its 
explicit  value  is 


pk  =  Vu-?’  v_n) 


Y$-2  «pi-  \  u^-)2  ♦  (^)2]} 


(42) 


v>: 

v! 

,V, 

V. 
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where 


(43) 


Q 


2 

1 


Q 


2 

2 


(44) 


2.  A  Decomposition  Principle 

It  is  our  purpose  to  show  that  the  solution  to  the  previous  problem  can 
be  obtained  in  two  stages,  thus  leading  to  a  problem  decomposition. 

Stage  1  assumes  only  ballistic  errors  (no  aiming  errors)  in  which  the 
damage  function  is  of  the  form  (3).  The  solution  of  this  stage  gives  an 
expression  for  the  probability  of  kill  of  a  target  point  having  form  (7). 

Stage  2  assumes  only  aiming  errors  (no  ballistic  errors)  in  which  the 
damage  function  is  of  the  form  (7)  obtained  from  the  resulting  solution  of 
stage  1.  It  is  shown  that  the  solution  to  stage  2  gives  expression  (42)  for 
the  probability  of  kill  of  the  target. 

This  problem  decomposition  is  possible  because: 

a.  Ballistic  errors  and  aiming  errors  are  Independently  distributed. 

b.  The  Carleton  damage  function  Is  similar  in  form  to  the  Gaussian 
probability  density  function. 

It  is  easy  to  verify  that  the  solution  approach  is  commutative;  that  is, 
in  the  problem  decomposition,  aiming  error  may  be  substltued  to  ballistic 
error  in  stage  1,  whereas  in  stage  2  ballistic  error  may  be  substituted  to 
aiming  error. 

We  now  proceed  towards  proving  the  decomposition  principle  and 
demonstrating  the  equivalence  of  the  two  approaches. 
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a.  Stag**  JL 

Suppose  a  single  weapon  Is  subject  to  ballistic  errors  and  no  aiming 
errors.  Let 

(S,n)  =  the  MPI  of  the  weapon; 

(x,y)  =  the  weapon  Impact  point; 

(u,v)  =  the  location  of  the  point  target. 


The  ballistic  error  in  the  range  direction  Is  Xj  and  in  the  deflection 
direction  is  Yj.  Xj  and  Yj  are  independently  distributed  with  zero  means  and 
with  respective  probability  density  functions  given  by  (32)  and  (33).  Thus, 
x  =  Xj+e  and  y  =  Y^+n 

Assume  now  the  damage  function  to  be  given  by  (3)  or: 

D(u-x,  v-y)  =  Dq  exp{-  DQ[(^)2  +  (-^)2]}  (45) 

x  y 

Under  these  conditions,  it  was  shown  that  the  probability  of  kill  of  the 
target  at  (u,v)  given  that  the  weapon  MPI  Is  (5*n)  Is  given  by  (7)  or 


R..R 


V“-e.  v-n) 


2V?  "’-l"  2  l'  V  ' 


where 


ql  ~~  207  +  °1 


q?  *  2D„  +  °2 


(46) 


(47) 

(48) 


b.  Stage  2 

Suppose  a  single  weapon  is  subject  to  aiming  error  and  no  ballistic 
error.  Let 
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U  ,n)  =  t!ie  MP I  of  the  weapon; 

(x,y)  =  the  weapon  Impact  point; 

(u.v)  =  the  location  of  the  point  target. 

For  convenience,  the  same  letter  symbo’s  are  used  in  Stage  1,  and  this  should 
not  create  any  confusion. 

The  aiming  error  in  the  range  direction  is  X  and  in  the  deflection 
direction  is  Y.  X  and  Y  are  independently  distributed  with  zero  means  and 
with  respective  probability  density  functions  given  by  (34)  and  (35).  Thus, 

x  =  X  +  e.  and  y  =  Y  +  o 

Assume  now,  that  the  damage  function  is  given  by  (46)  in  which  £  is  replaced 
by  x  and  n  is  replaced  by  y.  Thus,  the  new  damage  function  is 


Vu-*,v-y)  =  iH:  e*Pl-  7  U^)2  + 


q. 


(49) 


whe'-e  qj  and  q,  are  given  by  (47)  and  (48).  Applying  the  usual  conditional 
probability  approach,  it  is  easy  to  verify  that  the  probability  of  kill  at 
(u.v)  when  the  M°I  of  the  weapon  is  (t,n)  is,  using  (34),  135),  and  (49): 


nk  1  /  /  Pk(u-x,v-y)  g^x-C)  g2(y-n)  dx  dy 


JO  oo 


-  I 


/  Pk[(u-e)-s,  (v-n)-tl  g j ( s )  g2(t)  ds  dt 


QD  OO 


=  f 


r  a 
XJ t 


2^T2  expi  *  7  ^  -  q| 


2no 


hr exp'-  i  ds  dt 


(50) 


x  y 


a~  o 
x  y 
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f  *y8^f*»*  "qn,  m -*j"--  -^rv  .»-— 


This  integral  is  of  the  same  form  as  (6)  where,  except  for  the  multiplicative 
R  R 

constant  -~ the  following  substitutions  have  been  made: 
qlq2 

D0  -  j,  Rx  ♦  q^  Ry  ♦  q2.  ai  ♦  3X«  °2*  *  °y*  Thus  from 


R  R 

il,  =  JUL 
k  qlq2 


qlq2 


«p(- }  KtV  ♦  (^)2» 


(51) 


where  using  (R)  and  (9)  one  obtains 


J  2  2 

hl  =  Rl  +  °x 


.2  2  2 

h2  =  q2  +  °y 


2  2 

Substituting  for  the  values  of  q^  and  yields 

R2 

h2  _  _x_  .2.2 
hl  "  20q  ffl  +  ax 


2  v  2  2 

h2  =  2R0  +  a2  +  ay 


(52) 

(53) 


(54) 

(55) 


Comparing  (54)  to  (43)  and  (55)  to  (44),  one  immediately  notes  that 
h1  =  Qj  and  h2  »  Q2 
Thus,  expression  (51)  becomes 


R  R 


k  2Q1Q2 


n~  exRt-  \  [(^)2  +  C-5^1)2]} 


Comparing  (56)  to  (42),  it  follows  that  ■  P^. 


(56) 
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SECTION  VII 


MULTIPLE  WEAPONS  DELIVERY  WITH  R ALL  I  ST IC  A NO  AIMING  ERRORS 

In  the  multiple  delivery  of  weapons  one  has  to  consider  two  cases: 

Case  l:  Independent  delivery  of  weapons.  Here  each  weapon  is  subject  to 
ballistic  errors  which  are  independently  and  identically  distributed.  In 
addition,  each  weapon  is  also  subject  to  aiming  errors  which  are  independently 
and  identically  distributed.  Finally,  the  ballistic  errors  are  assumed  to  tie 
Independent  of  aiming  errors. 

Case  2:  Stick  or  ripple  delivery  of  weapons.  Here  each  weapon  is  subject  to 
ballistic  errors  which  are  independently  and  identically  distributed.  In 
addition,  an  aiming  error  Is  present  on  the  entire  stick  pattern,  and  this 
error  is  usually  associated  with  the  center  of  the  stick  pattern.  The  stick 
pattern  is  assumed  to  act  as  a  jingle  rigid  unit  and  thus  respond  as  a  whole 
Integrated  pattern  to  the  presence  of  aiming  error.  It  is  obvious  that  in 
this  case  there  Is  dependency  in  the  aiming  error  of  each  weapon.  The  aiming 
error  of  the  center  of  the  stick  pattern  is  assumed  to  be  independent  of  thu 
ballistic  errors , 

Each  case  is  considered  separately. 

1 .  Independent  Delivery  of  Weapons 

Assume  that  there  are  n  identical  weapons.  The  ballistic  errors  on 
each  weapon  are  assumed  to  he  identically  and  Independently  normally 
distributed  with  means  located  at  the  same  MPI  of  all  the  weapons  and  with 
standard  deviation  in  the  x  direction  and  o,,  the  V  direction. 

Similarly,  the  aiming  errors  on  each  weapon  are  assumed  to  be  Identically  and 
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independently  normally  distributed  with  means  located  at  the  same  MPI  of  all 
the  weapons  and  with  standard  deviation  o  in  the  x  direction  and  a  in  the  y 

*  y 

direction.  The  ballistic  errors  are  assumed  to  be  independent  of  the  aiming 
errors.  Let 

(x1  .y,)  =  the  actual  point  of  Impact  of  the  ith  weapon, 

1  =  1.2 . n; 

U.ni  =  the  coordinates  of  the  MP I  of  the  weapons, 

(u,v)  =  the  coordinates  of  the  point  target. 

Assume  the  damage  function  to  be  of  the  form  (3)  for  each  weapon,  l.e.. 


!)(u-xi  ,  v-y j ) 


°o  e*p(-  Dnl(nr^) 


(5?) 


The  actual  point  of  impact  of  the  1th  weapon,  i.e.,  (x^.y^),  is  the 
result  of  the  combined  effect  of  the  ballistic  error  and  aiming  error.  This 
combined  effect  is  the  net  delivery  error  which  Is  the  sum  of  the  ballistic 
error  and  aiming  error  in  each  of  the  x  and  y  directions.  Thus,  the  following 
results: 

1.  In  the  x  direction,  a  net  delivery  error  X.  which  is  normally 
distributed  with  mean  located  at  £  and  variance 


‘222 

°X  “  °1  +  %  '5R) 

The  probability  density  function  of  X.  is 

f.  (xrO=-v-1 -  exp(  -  i  (-4 — )?j  (59) 

*i  °x  ^  °x 

2.  In  the  y-di rect ion,  a  net  delivery  error  Y^  which  is  normally 
distributed  with  mean  located  at  n  and  variance 
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rr  T^TTTrn  rirfn.VT,"TT  |~r — -T»  nv»w  ji  iu.)_  jjl 


*2  2  2 
o  Y  ~  ® 2  +  °y 


(60) 


The  probability  density  function  of  Is 


Yi 


Oy  /"5T 


i  1  yi“n  2 

f.  (yrn)  -  7 - —  exp[-  j  (-r— )  ] 

V/  •  -  /  n_  (J 


(61) 


The  probability  of  kill  at  (u,v) 


p  =  |  ...  J  [Probability  of  kill  at  (u.v)jweapon  i  impacts  at  (x^.y^l 


2n 


[Probability  weapon  i  impacts  between  (x^.y^)  and  (x^+dx^ .yi+dy, )]. 


=  /.../  { 1  -  n  [1  -  D(u-xi ,  v-yi )] }  n  (xrC)  (yi“o)  dxi  dyi 

-y__ ^  i=l  ls*  •  -j  . Ti 

2n 


Let 


xi  -  «  =  si 
yi  -  n  =  *i 


(63) 


Then , 


P.  /  {1-  n  [1  -  0((u-O-s1,(v-n)-ti)]} 


-»oo  -00  , 


1-1 


2n 


n  f.  (si)  f.  (tj)  dsi  dt1 


i  =  l  X 


Yi 


(64) 


Using  the  same  approach  as  given  in  Appendix  A,  it  may  be  verified  that 


(65) 
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It  may  also  be  verified  that  the  decomposition  principle  applies  here,  and 
that,  similar  to  the  single  weapon  case,  the  problem  may  be  approached  In  two 
stages.  In  the  first  stage  only  ballistic  errors  are  considered  with  the 
damage  function  being 


(I  -  n  [I  -  0(u-x.  ,  v-y.}]} 
i=l  1  1 


n 


U-XU2  .  ,V“*K2, 


n  -  «  li  -  o0  exP{-  n  ♦  tnr-nU 

1  =  1  J  u  x  y 


(66) 


In  the  second  stage  only  aiming  errors  are  considered  with  the  damage  function 

being 

n  R..R. 

n 

M 

where 

O  *  ^  O 

(68) 


u  -  "  u  -  &¥  e«p'  (-  -Hhr1)* + 


2v? 
.2 


(67) 


1 


R 

_2  _  Kx  .  2 

"i 


2  y  2 
q2  =  2  Dq  +  °2 


(69) 


2.  Stick  Delivery  of  Weapons 

The  stick  delivery  of  weapons  is  significantly  more  complex  to  model. 

The  following  assumptions  are  usually  made: 

a.  Each  weapon  is  subject  to  ballistic  errors  which  are  assumed  to  be 
normally  distributed,  independent  of  each  other  and  independent  in  each  of  the 
x  and  y  directions. 

b.  The  center  of  the  stick  pattern  is  subject  to  aiming  error  which  is 
assumed  to  be  normally  distributed,  independent  in  each  of  the  x  and  y 
directions  and  independent  of  the  ballistic  errors. 


26 


The  simul anteous  incorporation  of  these  two  types  of  errors  into  a  single 
model  for  determining  the  probability  of  kill  of  the  target  results  in  an 
expression  which  cannot  be  manipulated  analytically.  This  arises  from  the 
fact  that  there  is  dependency  in  the  aiming  errors  of  the  weapons. 

An  approximation  to  the  problem  can  be  obtained  using  the  decomposition 
principle,  although  this  cannot  be  verified.  The  problem  is  tackled  in  two 
stages.  In  the  first  stage,  the  weapons  are  assumed  to  be  subject  only  to 
rail i Stic  errors  (no  aiming  errors  present).  In  the  second  stage,  the  center 
of  the  stick  pattern  is  assumed  to  be  subject  only  to  aiming  error  (no 
b a  1 1 i st ic  errors) . 


(71) 


{1 


n 

n 

1=1 


'  1  -  D(u-xi  ,  v-y 1 ) ] } 


The  probability  of  kill  of  the  target  Is  Immediately  given  by  (11)  or: 


~/n\  n  R  R  i  i  a  j  a 

P  ">(U,V)  .  1  -  n  [1  -  e*p{-  \  [(-j-i)2  »  (-r-V)}] 

K  1=1  ^qlq2  c  ql  q2 


(72) 


Let  now 

(C,n)  =  the  center  of  the  MPI  of  all  n  weapons; 

(aitb.j)  =  the  coordinates  of  the  MPI  of  the  ith  weapon  referred 
to  Its  center. 

Thus,  ^  =  l  +  ai  ;  ni  =  n  +  bi  (73) 


Substituting  (73)  in  (72)  yields 
P<n)(u,v)  =  p(n)(u-£,v-o) 


-  {1  - 


n  r  RxRy 

[i  - 

i  =  l 


,  u-c-a4  , 

«Pt- Ttc— 5— L)2  -p  ( 


2Vz 


v-n-b 


U2 


rim 


(74) 


It  is  evident  that  in  the  presence  of  ballistic  errors  only.  If  the  MPI 
of  the  center  of  the  stick  pattern  coincides  with  the  location  of  the  point 
target  (u,v) ,  then 

£  =  u  and  n  ■  v 

so  that  (74)  becomes  independent  of  u  and  v  resulting  In 


p<">  -  u  - 


n 

n 


RyPu  1  3  j  n  b,  n 

[1-  «p(-i[(-i)2  *  (-i)2])]) 

i=l  ^qlq2  c  ql  q2 


(75) 
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where  qj  and  are  given,  respectively,  by 


2 

<*1 


2  n. 


+  cr , 


(79) 


q 


2 

2 


(80) 


The  probability  of  kill  at  (u,v)  using  the  new  damage  function  is  now  computed 
using  conditional  probabilities. 
nkT  =  Probability  of  kill  at  (u,v)  = 


CO  CO 

/  /  [Probability  of  kill  at  (u,v)|  center  of  the  stick  pattern  impacts  at 

_OD  _XJO 

(x,y)]  [Probability  that  the  center  of  the  stick  pattern  impacts 
between  (x,y)  and  (x+dx,  y+dy)] 


Using  (76),  (77),  and  (78)  results  in 

nkT  =  /  /  p[n^(u-x,  v-y)  g^x-C)  g?(y-n)  dx  dy  (81) 

Let  s=x-£;t=y-n  (82' 


Substituting  (82)  in  (81)  yields 

o  co 

r.kT  -  ;  /  pjn)!  (u-f)-s;  (v-rT).t]  g^s)  g,(t)  ds  dt  (83) 

—oo  _»x; 
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Or  written  explicitly,  (83)  becomes: 


n 


00  n  R  R 

kT  -  /  !  I'  -  ",  u  --jH-  «pi-{u 

•«  -00  *jej  2 


(u-f)-s-a,  9  (v-n)-t-b,  „ 

- : - V*  ( - ;r— 1 L)Z1H) 


•*VV  (84) 

3.  Special  Cases 

Two  special  cases  are  considered.  In  the  first  special  case,  the  MPI  of 
the  center  of  the  stick  pattern  is  assumed  to  coincide  with  the  point 
target.  In  the  second  special  case,  one  assumes  that  no  ballistic  errors  are 
present  and  a  previously  obtained  result  is  recovered. 


a.  Special  Case  1: 

Here  one  assumes  that  (£,n)  coincides  with  (u,v) 
or  £=u  and  n=v 


Expression  (84)  becomes  independent  of  5 ,n , 

«k T-f  Mi  -  !  [i-& 

1  =  1  12 


u,  and  v,  and  one  obtains: 
(s+a.)2  (t+b .  )2 

r  *  t  nil 

qi  *?. 


2,Vy 


exp[-  (-— -  +  -—)]  ds  dt 


2o 


2o 


b.  Special  Case  2 

In  the  absence  of  ballistic  errors,  it  follows  that 
o^  =  0  and  =  0 


(85) 
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Expressions  (79)  and  (80)  for  and  q?  become 


qi 3 


h  nr 


q?  =  /ro: 


Thus 


R  R 
x  v 


0  2q,q 


1M2 


Substituting  (86)  and  (87)  in  (84)  results  in 


‘icT 


_0O  _00 


n  (u-t)-s-ai  p  (v-n)-t-b-  ? 

/  |1  -  il  [  1  -  Dq  exp{-  0Q[( - p - )  ♦  ( - p - )' 

i=l  x  y 


2 expt-  trr +  rr)J ds  dt 

x  y  2<j  2o 

J  x  y 


(8f 


(8: 


(8! 


In  the  case  when  the  MPI  of  the  center  coincides  with  the  point  target, 
u=t  and  v= n,  and  expression  (21)  is  recovered. 


c.  Remark 

The  general  expression  (84)  provides  a  means  for  calculating  the 
probability  of  kill  of  a  target  point  located  at  (u,v)  given  that  the  center 
of  the  stick  pattern  has  a  KPI  located  at  (C.n).  This  expression  is  also  a 
function  of  all  the  (a^.b^'s,  i  =  l,2,...,n,  which  are  the  coordinates  of  the 
MPI's  of  the  weapons  referred  to  the  center  (£,n). 

In  case  when  the  center  is  selected  as  the  center  of  gravity  of  the 
MPI's  of  all  n  weapons,  the  quantities  a:  and  b^  must  satisfy  the  following 


re  1  at i ons 


As  a  general  rule,  expressions  (84)  and  (85)  can  be  evaluated  in  closed 


form.  In  particular,  when  n=l,  =  0  =  bj  and  expression  (84)  reduces  to 
(50)  with  c  3  5  and  n  =  n.  The  reduced  closed  form  is  given  by  (56). 

4.  Finite  Target  Element 

Consider  now  a  finite  target  element  of  area  A.  Let  (X,u)  be  the  center 
of  the  target  and  (u.v)  be  a  point  on  the  target.  Suppose  that  the  center  of 
the  stick  pattern  has  its  MPI  at  (x,u)  so  that 

£  =  X  and  n  =  u 

It  is  required  to  determine  the  probability  of  kill  at  (u.v).  The  approach 
used  here  is  different  than  the  one  used  in  Section  V-2,  although  one  obtains 
similar  results. 

Expression  (84)  becomes 


.  «  n  R  R  u-X-$-a.  . 

Alt  (u.v.x.u)  3  /  /  {1  -  n  (1--5H-  exp{  -  7  [  ( - n - ) 


Select  now  arbitrarily  the  center  of  the  target  to  be  the  origin  of  the  system 
of  coordinates.  Then  x  =  0  =  u  and  the  expression  for  the  probability  of  kill 
at  (u.v)  written  as  HLT(u,v),  given  by  expression  (89),  becomes 


=  '  2^7  exp{*  ?  ^ 

-®  1  =  1  17 


u-s-a 


v-t-b.  „  .  ,  r2  .2 

.  ~~q~  o  ini  •  expi-  ?  ("r +  ds  dt 

2  x  y  °x  °y 


Note  that  this  expression  reduces  to  (30)  when  =  0  = 

Suopose  that  the  target  is  a  rectangle  vrfiose  sides  are  parallel  to  the 
coordinate  axis  and  have  dimensions  2fc^  and  24 ^ .  The  center  of  the  rectangle 
coincides  with  the  origin.  The  fractional  coverage  of  the  target  is  then 


e2  S  . 

FC  =  4TT-  /  /  4?'  (“.v)  du  dv 

12  -t?  -tj 
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SECTION  VIII 


STICK.  OEL I  VERY  OF  TWO  WEAPONS 


1.  Expression  for  the  Probability  of  Kill 

It  shall  be  assumed  that  the  center  of  the  stick  pattern  (e.nl  is  aimed 
at  the  point  target  located  at  l  -  u  and  n  =  v.  The  expression  for  the 
probability  of  kill  of  the  target  is  given  by  (85)  with  n=2.  Rewriting  the 
expression  we  obtain 


‘(2) 

\t 


_  i 


{1 


2 

II 

i  =  l 


(1  * 


R  R 

i  y 

?qlq2 


,  ( s+ai )  ( t+bi  1' 

®xPi“  2  [  ?  +  2 


ItH 


?no  o  exP[_  2  (  2  *  ?j]  ds  dt 

x  y  a  a  ' 

J  V  \1 


(R2) 


The  following  expressions  are  now  defined: 

R  ,  (s+a,)1’ 

Ui(s)  =  expt-  2  —T— ] 

ql  ql 


1-1.2 


(M3) 


ft  a-b  • )' 


V|(S)  '  —r—  expL  -  -p  - p 

/?q,  d. 


i  =  I ,? 


9^5) 


/?ir  o 


r —  exp[  - 1  (^?) 


(95) 


g?(t)  =  — ~ —  exp[- 

/2iT  oy  oy 


96) 
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Expression  (92)  may  be  written  as  follows: 


.  .  lO  u»  p 

/  /  U  -  H  [1  -  U1(s)Vi(t)]}  g,(s)g2(t)  ds  dt 

-on  ws  1-1 


=  I  I  [u1(s>v1(t)  +  u2(s)v2(t)  -  u1(s)v1(t)u2(s)v2(t)] 

_oo  ^ao 

g^s)  g?(t)  ds  dt 

OO  09 

=  j  ^(s)  g^s)  ds  •  /  Vj(t)  g2(t)  dt 


+  /  U2(s)  g^s)  ds  •  /  V2(t)  g2(t)  dt 


-  /  U^(s)  U2(s)  g^s)  ds  •  /  \lx( t)  V2(t)  g2(t)  dt 


~2*ach  of  the  integrals  in  (97)  can  be  evaluated  using  the  results  of  Appendix 
R.  Consider  each  of  these  integrals  separately. 


/  II  (s)  g  (s)  ds  =  ~z  *  /|^"exp[-i(6  -  %] 

-»>  1  1  /2^q1  /&T  ax  '  Y2  *  *  Y2 


where 


Y  _  JL  +  JL 
y2  2  2 
ql  ax 


(100) 


ll  +  _o  li 
2  2  2  "  2 
%  «1 


(101) 
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Substituting  (99)  ,  (100)  and  (101)  In  (9ft)  results  In 


"  R  i  / - 5 -  1  ai 

/  U,  ( s)  q.(s)  ds  *  — - —  ■  -  •  A — ~  j —  exp{-  j  [-* 

-  1  1  /r,,  '4-*  4-  2  «( 


q:  3 

H1  x 


-L_  +  _L 

q*  3? 

U  X 


\  1 


/ q,  ♦  oi 

H1  x 


1  al 


exp[-  j  ~2 - ?] 

**1  f5x 


By  analogy  one  has 


2 

R  t> 

/  V.(t)  g2(t)  dt  ■  —£  ■  —  1 — ■  -  exp[-|^-^ — =■] 

--  sr  n.  ~  at  +  o 

/q|  +  or  y 


g|  P  ^ 

/  U?(s)  g,(s)  ds  ■  — 2  -1--  exp[-  4  — r] 

—  c  4  /n  rS  a  '•  .  _  c 


^  +  0x 


ST  fj~~~2 


ql  +  Cx 


-  R  ,  ,  bp 

/  V't)  g,(t)  dt  -  ••  exp[-  j  ■--■■  ■■■■■■  -?] 


It  remains  to  compute  the  last,  two  Integra's  in  (°7).  Again  using  top  r<>v,i'-< 


of  Appendix  B,  one  obtains: 


/  Uj(s)  Uz(s)  gt(s)  ds 


S7  SI  qj  ST 


—■  expt*  i  (*3  -  ^ 


1  1  1  2  1 

Yqs"T  +  "7+"7*~?  T 

J  qf  qf  ac  q,  T 

4  x  4  x 


-  ‘  •  M 

*  ; 
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(108) 


2  2  (  2  ^  2, 
,  al  a2  _0  ^al  *  a2 
4  3  '  2  +  2  +  2  *  2 


qt  qi  °K 


al  a2  0  (al  +  V 

e3  "  “2  "  “?  *  “2  ‘ — 72 - 

ql  ql  °x  q’ 


n 


(109) 


Substituting  (107),  (108),  and  (109)  in  (106)  results  in 

1 


/  'I.(S)  M,(S)  g,  ( s)  ds  =  —  •  —  ■  -  - 

-  1  *  /_?  +  JL 

/  q,  o.. 


H1  x 


(al  +  V 


i  f(aIvil  _ ! 


exp{  -  j  ( - 2 


1 


~  — I 

q?  o2 
H1  x 


-]l 


?q!  /  2ax  +  q5 


exp{  -  — £•  [(a2  +  a2)  - 


?  ? 

(a,  +  a,)  o 


2q 


1  T  uxn 

7T— T“ 

1 


2ox  ♦  q 


(110) 


8y  analogy  one  al so  has 


j  Vj(s)  v?(s)  g?(s)  ds 


2q2  J  ZoJ  7  q/ 


e*P(-  —^2  [(bi  +  b\)  - 


2q 


2\  +  q? 


:  mi 
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The  explicit  expression  for  the  target  probability  of  kill  may  now  be  obtained 
by  substituting  (102),  (103),  (104),  (1051,  (110), and  (111)  in  (07)  which 
results  in  the  following: 


n(2) ,  !!& _ i 

kT  2 


Pi  T  n.  2 

/qi  +  °x  \  +  °y 


q,  ♦  a  +  o 

^1  x  v  y 


P  P  x? 

+  _ ! -  e  [  _  1  c — tl  , 

2  n. — 2  nr  2  1  2  lq2  ♦  c2  q2  +  02 

/ql  +  %  /c*2  +  °y  ’  “  ° 


♦  -Ml 


I  -  T  U  U  -  ▼  U 

1  x  M2  y 


2ql  0Z! 


1  „  ,  ?  (a,  ♦  a,)Z  °2 

exp{-  -f-  [(a2  ♦  a?)  -  -?-2  11 


2q 


1 


2ox  +  ql 


(b,  +  b,)2  o2 


2q2  /2o2  *  q2  2q2 


exP{-  -72  ( c t>f  +  bp)  -  -Lrr~rL]] 


y  +  q2 


(11?) 


2.  Optimum  Stick  Pattern 

The  first  question  that  arises  is  whether  it  is  possible  to  select  the 
values  of  a^,  a^,  bj,  and  b2  in  an  optimum  fashion  so  as  to  maximize  the  value 
of  the  probability  of  kill  for  the  two-weapon  system.as  dictated  by  expression 
(112).  Such  values  do  indeed  exist.  Rather  than  solve  the  general  problem 
two  special  cases  will  be  considered  corresponding  to  a  drop  pattern  along  the 
x-axis  in  the  direction  of  range,  or  along  the  y-axis  in  the  direction  of 
deflection. 

Let 


C 


1 


R  R 


XJL 


2 


1 


1 


(113) 
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Without  loss  in  generality,  it  shall  be  assumed  that  the  MPl  of  the  stick 
pattern  coincides  with  the  coordinates  of  the  origin  which  is  also  the 
location  of  the  point  target. 

Case  1 :  aj  =  -dp  =  a;  =  0  =  bg 

The  stick  delivery  is  along  the  x-axis,  and  the  MPI  of  each  of  the  two 
weapons  is  equidistant  from  the  origin  (the  target  point).  Expression  (115) 
as  a  function  of  a,  the  decision  variable,  becomes 

n'f(a)  =  2  C  exp(  -  \  j  3  ■  ■)  -  C?  exp(-  (116) 

ql  *  °x  '  ql 

differentiating  (116)  with  respect  to  a  and  setting  the  result  equal  to  zero. 


40 


one  obtains 


<M^}  (a) 
da 


=  0 


ci  i  ,2  c?  a2 

a[— 2 - ?  exP(  ~  ~2 - ~)  -  exP(-~ )) 

ql  +  °x  ql  *  °x  ql  ql 


(117) 


The  solution  to  this  equation  yields  the  value  a  =  0,  which  corresponds  to  a 
minimum,  and 


or 


r  2  2 

C_2  ql  *  °x  _  ,  2  ,_1  \  1  , 

C  ?  **  c  x  p[^  3  ^  2  ~  2  2  2J 


#1 


'i 


'i 


q.  +a 

x 


„  2  2 
C?  ql  +  a* 

InCF2-  —7—) 


'1 


1 

3 


1 


2  2 

qf  +  a‘ 
H1  x 


(11H) 


(119) 


which  corresponds  to  a  maximum. 

Note  here  that  Case  1  corresponds  in  practice  to  a  drop  of  two  bombs  from 
the  middle  of  the  aircraft  at  a  distance  2a  from  each  other  with  the  target 
equidistant  from  the  MPI's. 


Case  2:  a^  =  0  =  a^;  b^  =  -b2  =  b 

The  stick  delivery  is  along  the  y-axis,  and  the  MPI  of  each  of  the  two 
weapons  is  equidistant  from  the  origin  (the  target  point).  In  practice,  this 
will  correspond  to  the  simultaneous  drop  of  two  bombs  from  under  the  aircraft 
wings  assuming  each  bomb  is  a  distance  b  apart  from  the  body  of  the  aircraft. 

Expression  (115)  as  a  function  of  b,  the  new  decision  variable,  becomes: 


2  2 

nj^}b)  =  i  ct  exp(  -  j  2  b  2)  -  C?  exp(- 


*2 


+  o 


(120) 
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Differentiating  (120)  with  respect  to  b  and  setting  the  result  equal  to  zero, 
one  obtains: 


dujf^b) 


C  2  C 

0  =  b[~2 — exp^“  7  i r — "  ~j 

q2  +  °y  '  q2  +  °y  q2 


~Y' — ?)  -  ~J  exP(  *  t)  1 

q2  +  °y  q2  q2 


(121) 


The  solution  to  this  equation  yields  the  value  b  =  0  which  corresponds  to  a 
minimum,  and 


„  2  2 
C?  q2  *  “y 


•  exp(b2(-i-i  1  — )] 


a«  +  o  * 
M2  y 


(122) 


if* 

2  1  q2 
r  s  ■  ■■■  '  t —  —  —  — 

1.1  — ! — 

2  2.2' 

q2  q2  +  °y 


(123) 


which  corresponds  to  a  maximum. 


3.  Example 

The  following  data  are  given 


Rx  =  15  ft  ;  Ry  =  30  ft  ;  Dq  »  1.00 

o.  =  30  ft  ;  cr  =  20  ft  ;  o  -  150  ft  ;  o  -  100  ft 


From  (79) 


qi  =  ?o/  °i 


-^  +  (30)  ^ 


=  1,012.5 
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Hence 


<U 


31.82 


From  (80) 


V  2  nQ  '  “2 


“  *  (20) 2  =  850 


Hence.  q2  =  29.15 


From  (113) 


R  R 

r  =  JUL 

'■’1  o 


/a?  * 


1  <  y 


/I  2 

Vq,  ♦  a 


( 15|( 3C) 


A, 012. 5  +  (ISO)2  AsO  +  (100) 2 


(15)(30)  _ 1 _  .  _ 1 _ 

?  153.34  104.16 


=  .014,087 


From  (114) 


C2  - 


2qa  Ao2  +  q 2  2q2  Aa2  +  q2 


11511 


(2) (31 .82)  / (2)(  150)2  +  1,012.5  (2)(29.15)  / (2)(100)2 


( .016,482) ( .106,911)  *  .001,762,1 


+  350 
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Optimum  value  of  a 
From  (119) 


c?  <5 ♦ 

In  {J-  l  ~~) 


? 

a  = 


'1 


A 


2  2 

qr  ♦  o  • 
H1  x 


Thus , 


Optimum  value  of  b 


.  , .001. 76?. 1  1 .012.5  «•  (150 

1n  <■  .014.087-  '  1.012,5 

1  _  I  _ 1 

1.012.5  2  1>01p>5  +  (150)2 


In  2.904,8 
.000.966.389 


1,103.45 


33.22  ft. 


From  (123) 


b?  - 


C2  q?  *  °v 
In  (- - -j-*) 

1  q2 

1  i  1 

2  ~  2  2  2 

q2  9?  -  =y 

i  (  .001.762,1  850  +  (100)^-, 

l.  014, 087  '  850  > 


1  1 


1 


^  7  850  ♦  (100) 7 


In  Q.5%, ,  413 

.001,130.4 


b  =  20.34  ft 


Computation  of  the  Kill  Probability 

a.  At  the  minimum  value:  a  =  0  -  b 
From  (116)  or  (120) 


n(2)  -  pc 
"kT  ^L1 


=  (2) ( .014,087) 
»  .026,41. 


-  (.001,766,21) 


b.  At  the  optimum  value:  a  =  33.22  ft,  b=0 
From  (116) 

=  2(  .014,087)  exp[  -I- - - j]  -  (.001  ,762,1)  exp[  -  r%|4 

1  1,012.6  ♦  ( 1 50 i 

*  ( 2) ( ,014,087( .976,81)  -  ( .001 ,762,1 ){ .336 ,235) 

=  .026,03. 


c.  At  the  optimum.  .i'iue  ?  =  0,  b  =  20.34  ft. 
From  (120) 


2(.014,,:,7)  o-u[- 


1  (20.34) 2 

2  850  ♦  (100) 


(.001,762,1) 


exp[  - 


(20.34) 

850 


2 


=  (2)( .014,087) ( .981,115)  -  ( .001  ,762, 1)( .614  ,636) 
=  .026,56. 


At  least  for  this  example,  an  optimum  configuration  of  a  two  bomb  stick 
pattern  does  not  seem  to  improve  the  probability  of  kill  significantly. 
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4.  Frror  Estimation  in  the  Probability  of  Kill 

Although  It  is  theoretically  possible  to  obtain  a  closed  form  expression 
for  Var(V"j]  when  uncertainty  exists  in  the  input  parameters  which  are 
Op,,  R  ,  R  ,  o-,  o„,  o  and  a,  nevertheless,  the  resulting  expression  becomes 
extremely  cumbersome  and  quite  unmanageable  even  for  the  case  of  n»2 
weapons.  The  methodology,  however,  is  not  different  than  the  one  developed  In 
[3]  where  Taylor's  series  was  used  to  obtain  an  approximate  closed  form 
expression  for  the  variance  of  the  probability  of  kill.  The  difficulty  stems 
from  three  causes: 

a.  A  total  of  seven  input  parameters  may  have  Inherent  estimation  errors 
which  will.  In  general,  be  expressed  by  a  7x7  variance-covariance  matrix,  thus 
involving  a  total  of  28  variance  and  covariance  terms  which  must  be  specified 
numerical ly . 

h.  The  general  expression  (which  is  (85))  Involves  n  MPI's  whose 
incorporation  as  general  input  variables  adds  to  the  problem  complexity, 

c.  The  form  of  the  expression  (85)  Involving  terms  under  the  product 
siqn  is  not  easily  amenable  to  differentiation  with  respect  to  the  seven  Input 
parameters.  These  operations  must  be  performed  in  order  to  obtain  the  terms 
of  the  Taylor's  series  expansion. 

For  these  reasons,  the  problem  of  variance  estimation  has  been  reduced  to 
one  consisting  of  the  following; 

a.  The  number  of  weapons  Involved  is  limited  to  2(n=2). 

b.  The  stick  pattern  is  the  one  for  which  a j  «  =  a ,  b^  =  0  =  b^. 

c.  The  only  input  parameters  for  which  an  error  in  estimation  is  of 


46 


significance  are  Dn.  R  ,  and  R  ;  the  other  input  parameters  are 
assumed  to  be  kn^wn  exactly,  thus  having  zero  variances  and  covariances. 
Using  this  simple  situation,  the  methodology  used  can  be  illustrated  and  more 
complex  cases  can  be  dealt  with  similarly.  Under  the  stated  assumptions  one 
uses  expression  (112)  with  a  a^  =  a  and  =  0.  Substituting  for  the 

values  of  and  q^  as  dictated  by  (79)  and  (80)  in  (112)  results  in 


11  kT  =  RxRy  ^  2  Dn  +  al  + 


I  R2  1 

,  j  ,  2  A  2,  1 

(?■ tr  +  +  °y) 


.?  R?  o  •>  -1 

r  a  /  X  r  l 

e*pt-  r  (?"o0' +  °i  +  %'  1 


r2  I  r2  JL 

I  d2  d2  /  x  .7,  2  (  .  2  .2%  2 

lRx  Ry(?00  al'  ^ 2  0Q  °1  ?V 


In  general  , 


*(t’  •  (°0-  V  *,) 


Let  00,  R  and  R  represent,  respectively,  the  means  of  n0.  Rx.  ®n<1  Ry- 

y  -(Z) 

fnen,  an  approximate  estimate  of  the  mean  of  tl^y  is  given  by 


<60'  *,•  V 


The  Taylor's  series  expansion  will  now  be  used  to  determine  an  approximate 
expression  for  Var[nJ^]  .  Expanding  (125)  as  a  Taylor's  series  about  the  mean 
°f  00.  Rx,  and  R  and  retaining  only  first  order  terms  yields 


«k?’  <vvy  -”k?1(VW  *  <n-V  -r=; 
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(127) 


(2) 


an':'  _  ankT 

*  <«,  -  «,)  ♦  <«,  -  V  ~>T 


where  the  partial  derivatives  are  all  computed  at  the  point  ( Oq *^x ^  * 

-  /  p  \  _  _  _ 

Transposing  (Og ,Rx  ,Ry)  to  the  left-hand  side,  squaring  and  taking 
expectations  on  both  sides  of  (127)  results  in  the  following  expression  for 

Var("kT> I  * 


-  (?)  2 
an.'*' 


an 


;(?)  2 


var[n^':  Var[D0]  (-jX*-)  ♦  VarfRj  (-5^-) 


(2)  2 


an'"'  "  ait aii[2) 

+  VarCM  (~dr~)  +  2Cov[o0.Rx]  (t67~^~3R") 

J  y  Ox 


3"kT} 

2  Cov[nn.Ry]  (-30^— )( 


»<?> 

*  2  co»rv  r  ]  (  -f-K  J-) 

x  y 


( 12R) 


where  again  all  the  partial  derivatives  in  (128)  are  computed  at  (0^  ,Rx  ’Ry^ ' 
It  now  remains  to  compute  these  partial  derivatives  from  expression  (124), 

In  expression  (124)  let 


*»[*»»>  ^ 


f  a2  ,  Rx  2  2>-li 

exp[*  “2  +  0i  0x)  ] 


RxRy  (ql  *  ?'q2+0y^  2  exp[-  -a7  (q2  ♦  c2)  ] 


(129) 


Let  a  I  so 
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0  37) 


9 


(138) 


( 1 39) 


(140) 


5.  Exampl e 

The  following  data  are  provided 

Weapon:  5EAKL;  Target:  3172;  Impact  angle:  75°;  Impact  Velocity:  900  ft/sec 

D0  =  .594,85;  Rx  =  59.21  ft;  Ry  -  122.92  ft. 

Var[D0l  =  .000,29;  Var[Rx]  =  2.120,4;  Var[Ryl  =  8.268,2 
Cov[On.Rx]  *  .000,61;  Cov[0QRy]  *  -.000,43;  Cov[RxRy]  »  -1.474,43 
Oj  =  30  ft;  a  ^  n  >  °x  *  150  ft;  oy  =■  100  ft 

It  is  required  to  determine  the  following: 

•  The  optimum  value  of  a  which  determines  the  stick  pattern. 

•  The  maximum  probability  of  kill. 

•  The  error  on  the  probability  of  kill  given  the  variance  and  covariance 
on  the  impact  parameters  Dg,  Rx  and  Ry. 

Consider  a  stick  pattern  where  a^  =  -a^  and  =  bj  =  0 


Sol ut ion 

The  following  quantities  of  interest  are  to  be  computed: 
2 

1.  and  q^  from  (79) 
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5.  Compute  the  optimal 


6.  Compute 


a  from  (119) 


a2  = 


C? 

m  {f 

ui 


2  2 

qJLH* 

2  > 

ql 


1 


2  2 

q,  ♦  oc 
1  x 


f .046,393.2  3,846.813,6  »  (ISO) 2. 

1 .147,508,3  3.846.813,6  > 

_ 1 _ 1. _ 1 _ J 

3,846.813,6  2  3 .846. (ISO)2 


_  _ .767,370,6 _ 

.000,259,965,4  -  .000,018.977.5 

=  3,184.403,7  ft2 
=  56. 430. S  ft. 


from  (116) 


t(2) 

kT 


=  2  C,  exp  (- 


2  2  .  2 
ql  + 


-)-  C-  exp(- 


H1 


=  (2)  ( .147,508,3)  exp[  -  \  - J-ftA-i03 ,7 

3,846.813,6  +  (150) 

/  nij/:  oqo  r\f  1  3  f  1  84  ♦  40  3  >  7 > 

-  (.046,393,2)  exp( -  ?  3,846.813,6^ 


=  .277,716,053,2  -  .020,274,2160 
=  .257,44. 


£3 


Compote  A  from  (129) 


’  RXRy  (<1  f  al)  2  Cq|  +  °y)  2  «p[-  4-  (flf  +  °x)’1] 

_1 

»  < 59.21) ( 122.92)  (3.846.813.6  *■  (ISO)2]  2 

1 

[13.100.114,7  +  (100)2]  2  exp(-  -3-A8MQ3.i7[  3. 846. 8! 3. 6  +  ( 150) 2]  *1} 


A  =  (59.21)(122.92)( .006 , 160 ,783 ,5 ) ( .006 ,579,500 ,6)  exp  (-.060,432,425.6) 
=  .277,716.077. 


Compute  B  from  (130) 

8  =  1  Rx  Ry  ql^ql  +  2^)  ?  q2!  (q2  +  2oy)  ?  exp(-a?  q *2} 

_1 

=  i  (69. 21 )2  (122.92)2  (62.022.69)*1  [3.846.813.6  ♦  (2)(150)2]  2 

_1 

.  (114. 455. 73)'1  [  13,100.114,7  +  (2)(100)2]  2  exp(  - 
=  }  (59. ?1)2(1?2.92)2; .016, 123, 131, 7)( .004,524,617,8) 

(.008, 737. 002, 5) (.006. 496, 487, 6) (.437, 008. 355, 5) 

=  .020,274,212,2. 


‘  (2) 

Check  the  value  of  n ' 
kT 


from  (131) 


A  -  B 

.277,160,077  -  .020,274,212 
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.257,44 


10.  Compute  the 


value  of  the  partial  derivatives  from  (135)  to  (140) 


a. 


3  A, 

3  Dr 


from  (135) 


-  —^2  [R^  Cqf  ^  <\)"1  *  Ry  («!  +  °y)"1  '  ^  Rx  (ql  +  %y2] 


0  4  0 


5  • ?77  rllAML  {(59. 21)2  [  3 ,846.313 ,6  +  (150)  ] 
4(.594.85)2 

t  (122. 92)2  [13,100.114.7  *  (100)2]*1 


J?i-l 


2  2 

-  3,184.403.7  (59. 21)2  [3.846.813,6  +  (150)  ]  ) 


a  ^72xlLfi-iilIL-  (  .133.064,443,9  +  .654,080,146,2  -  .016.082,814,2) 


(4)(.594.B5)2 
.151.291,759,2. 


b. 


3B_ 

3Dr 


from  (136) 


f£-  =  'V  fRx  '  qr  "l  *  Rx  f'ql  +  20  +  Ry  fq2 


3D0  4  02 


♦  R2  (q2  +  ^y)'1  ‘  2a?  Rx  ^ql^  ^ 


{ (59. 21)2  (3  .846.813.6) 


-1 


(4) (  .594,85)' 


♦  (59. 21)2  [  3,846.813.6  *  2(150)  ) 
+  (122. 92)2  (13,100.1 14,7)”^ 


7i  -1 
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♦ 


(122*92;  [13,100.114,7  +  2(l00r)* 4 


-  ( 2) ( 3 ,184 .403,7) ( 59.21) 2  (3  .846.813.6)'2} 

-«  (  .911,357,3  +  .071  .771,807,4 

0  4( .594 ,85) 

+  1.153,373,896  f  .456,473,536  -  1.508,849,61 

-  .015,529,209. 


H 


. 


u  , 

I:-: 

fc 


from  (137) 


:■  ••5)*1  ♦%(«!*  O'*] 


59.21 


*  (.277,716,077)  (^y  -  (  3 ,846.813 ,6  +  ( 150)  ?]  _1 


^yfrtwT^'^5'9'''2^  l3-R46-813*6  ♦  (iso)2] _2} 


.277, 716, 07  7 ) ( .1.16,889,039  -  .001  ,R88  ,9R9 ,3  ♦  .000,228.31  2,4) 


.004,229,161. 


3  R 


3R 


r  from  (138) 


2 

30  ?  R«  _JL_  tJ  *  -j  2^*1.  a_RJ?_  t  n?\  -21 

3R"  RIR  ■?"i)“(ql^  '  2  0n  (ql  20  x)  Dn  ^1^  1 

x  x  0  0  0 


*  .020.274,212,2  {  (  3,846. 813.6)'1 


-  (irrifiiaT)- t3*846-813*6  ♦  (2X150)2] _1 


.  ( 3.184.403 ,7)  (59.21 )  ,,  ft4f.  ,,-2. 
+ (.594.35) (3,845,813,6)  } 


=  .020, 274,212, 2  (.033.778,078  -  .012,937,681,5 


-  .001,018,876,1  +  .021,419,702,2) 


.000,836.133,3. 


from  (139) 


KL  =  A  r  _J_ 

3Ry  [Ry 


(4  ♦  o?r1i 


2  0Q  vh2  ”y 


1  19?  09  ? 

.277,716,077  {^792  ’  (2)f. 59T.85)  [13,100.114,7  +  (100T]} 


=  .277.716.077  (.008.135,372,6  -  .004.472.712?) 


.001,017,170.7. 


from  (140) 


33  0,2  ,  2,-1 

3R'  "  8  f  R  '  2  n. 
y  y  0 


■  -020.274.212.2  (y -  ^yT^PTesT  (13.100.114.7)-' 


“  TDT^'W  f13-100-114-7  +  <2> ( ioo)2]  'l 

=  .020,274.212,2  (.016,270,745.2  -  .007.886,966,4  -.003,121.444.3) 


.000,106,689.7. 
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=  .135.762.550,2 

r;(?) 

"<J_  3  A  98_ 

Yr  ’  a~R~  ~  '  d  R 

X  XX 

=  .004,229,161  -  .000,836,133,3 
=  -003,393,027,7 


311  k_T_  3A_  3B_ 

3Ry  *3Ry  -3Ry 

=  .001,017,179,7  -  .000.106,689,7 


=  .000,910,49 

*  (?) 

Compute  the  value  of  Var[ n£j-  ]  from  (128) 

Var[  n  f  =  (  .000.29)(  .  135 ,762 ,550 ,2) 2 

+  (2. 130, 4)(. 003, 393, 027, 7)2 
+  (8. 268, 2)( .000.910, 49)2 

+  (2) ( .000, 61) (.135,762, 550,2) ( .003,393.027,7) 
♦  (2) (-.000, 43) ( .135,762, 550, 2) (.000, 910, 49) 

+  (2) ( -1.474, 3) (.003, 393, 027, 7( .000,910,49) 


58 


Var(n[^]  =  .000,005,345,1 

♦  .000,024,526.5 
+  .000,006,854.3 

♦  .000,000,562,0 

-  .000,000,106,3 

-  .000,009,100,2 
=  .000,028,072,4. 

Note  that  Var[Rx]  contributes  87.36%  of  the  total  variance.  The  standard  error 
on  is 


a'(2)  =  1 .000,028,072,4  =  .005.3 
11  kT 

-  (2) 

A  two  standard  error  confidence  interval  on  nkj  is 


"i?’  -  2  °:(2)  ■ 


(2) 

lkT 
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SECTION  IX 


CONCLUSIONS  AND  RECOMMENDATIONS 

A  theoretical  model  Is  formulated  to  provide  an  expression  for  the 
probability  of  kill  of  a  fragment  sensitive  target  when  hit  by  a  stick  of 
weapons.  Each  weapon  Is  assumed  to  be  subject  to  ballistic  errors,  and  the 
stick  pattern  Itself  Is  assumed  to  be  subject  to  an  aiming  error. 

A  detailed  analysis  is  provided  when  the  stick  consists  of  two  weapons. 
This  analysis  Includes  the  following: 

a.  The  determination  of  the  optimum  stick  pattern. 

b.  The  evaluation  of  the  probability  of  kill  of  a  point  target. 

c.  The  determination  of  the  variance  of  the  probability  of  kill  given 
that  the  Input  parameters  are  suoject  to  estimation  error. 

Although  the  mathematical  analysis  becomes  quite  cumbersome  when  the 
number  of  weapons  In  the  stick  pattern  becomes  greater  than  two,  nevertheless, 
1:  is  recommended  that  alternative  methods,  such  as  numerical  analysis  and/or 
recursive  schemes,  be  Investigated  to  provide  computationally  valid  ways  of 
analyzing  the  system  for  an  arbitrary  number  n  of  weapons.  Specifically , 
the  analysis  would  result  In  the  following: 

a.  The  determination  of  the  optimum  stick  pattern. 

h.  The  numerical  evaluation  of  the  probability  of  kin. 

c.  The  determination  of  a  numerically  computable  expression  for 

VarfP^],  given  the  variance-covariance  matrix  of  the  seven  input 
parameters . 

It  is  also  recommended  that  a  similar  analysis  be  performed  for  the  case 
involving  stick  delivery  of  multiple  weapons  whose  main  effect  is  blast. 
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APPENOI X  A 

VALIDATION  Of  AN  EXPRESSION 

The  purpose  of  this  appendix  is  to  establish  the  validity  of  expression 

(11). 

Oefine  as  (u,v)  the  coordinates  of  the  point  target.  For  the  ith  weapon. 
i  =  l,?,...,n,  suppose  that  it  is  aimed  at  Uj.n^)  so  that  is  the  MPI. 

Let  the  ith  weapon  subject  to  ballistic  error  impact  at  (x^.y^).  The 
ballistic  error  in  the  range  direction  is  (x.-£.)  and  in  the  deflection 
direction  is  (y^-n^)  •  (x^-l^)  and  (ypn^)  are  assumed  to  be  independently 
distributed  each  having  a  Gaussian  distribution  with  zero  mean  and  respective 
standard  deviation  o^.  and  o^.  (xj*^)  an<^  ^i"ni^  are  a1s0  assumed  to  be 

independently  distributed  between  weapons.  If  fjj(*)  and  f^f*)  represent 
the  respective  probability  density  functions  of  (x.-£.)  and  (y.-n^.one  has 


i  (xr<h> 

'if  ;  j==  ei,pl‘  ~“T~l 

°li  *11 


i  =  1 ,  ? . n 


(A-l) 


fo\  (Yj-h,)  *  -----  PXP[  -  — - T"l 


» 2 


°2, 


O 

*  2  i 


M,? . n  { A-' 


Now,  since  all  weapons  are  identical,  the  probability  of  kill  at  (u.v)  for 
weapon  i,  given  that  it  impacts  at  (x^.y^).  is  given  by  the  three-parameter 
Carleton  damage  function 


D{u-xh.  v-yi)  =  00  exp{-  +  (^-L)?]l 

x  y 


(A-l) 
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If  weapon  i  had  acted  individually,  without  the  contribution  of  the  other 
weapons,  the  resultant  probability  of  kill  of  the  point  target  (u,v)  would  be 
given  by  (10)  or 


Pk.(^i*  v-ni) 


R  R 
JUL 


u-5 


v-n . 


2qli  q2i 


'll 


( A— 4) 


■*2i 


where  <hi=2T£  +  an 

R2 

Kv  2 
q2i  =  F0g“  +  a2i 

It  is  required  to  show  that  the  kill  contribution  of  each  weapon  in  the 
presence  of  ballistic  error  is  independent  of  the  kill  contribution  of  any 
other  weapon  so  that  the  net  probability  of  kill  of  the  point  target  at  (u,v) 
is  given  by  the  well  known  formula 

n 

p  (u,v)  =  1  -  n  [ 1  -  Pk  (u-^,  )]  (A-7) 

i=l  i 

Th>’  result,  will  be  shown  for  the  case  of  n=2  weapons.  The  method  can  easily 
be  extended  to  an  arbitrary  number  of  weapons.  Now 

Probability  of  kill  at  (u,v)  *  pj*2^ 

09  r*>  GO  00 

-  Jiff  [Probability  of  kill  at  (u,v) (weapon  1  Impacts  at  (xj.yj) 

-00  — Od  JO  -00 

and  weapon  2  impacts  at  (x2,y2)l  [Probability  weapon  1  impacts  between  (xj.yj) 
and  ( x |  +  dxj,  y1  +  dyj)  and  weapon  2  Impacts  between  (x2,y2)  and  (x2  +  dx2,y2 
+  dy2)]  { A— 8) 


(A-5) 

( A— 6) 
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8ut , 

[.Probability  of  kin  at  (u,v)| weapon  1  Impacts  at  (x^y^)  and  weapon  2  impacts 
at  (x2,y2)l  = 

1  -  [1  -  DCu-Xj,  v-y1)][l-0(u-x2,  v-y2)]  (A-9) 

Using  (A-l) ,  (A-2),  and  (A-9)  in  (A-8)  results  in 

pk^  =  /  7  /  /  {1  -  Cl-  D(u-x.  ,  v-y.)][l-D(u-Xp,  v-y?)] 

-CO  -CO  -CO  -CD 

^21 C y i —r| i )  ^12^X2“^ 2^  ^ 22^2"n2^  ^X1  ^1  ^x2  ^2  ( A— 10) 

Reducing  expression  (A-9)  and  using  it  in  (A-10)  results  in 
'(2)  00  “ 

pk  =  /  /  iKu-Xj.v-yj)  f2i(yrni)  dx^ 

—CO  -CD 

CD  CO 

+  /  /  0(u-x2,v-y2)  f12(x2-52)  ^22(y2-n2)  dx?dy2 

^CO  -CO  * 

00  oo 

-  [  /  /  D(u-x1,v-y1)  fnCxj-e^  ^ifyi-nj)  dXjdyj] 

-CO  -CO 

CD  CO 

[  /  J  D( u-x2  ,v-y2)  fjp(x2-C2)  ^?2^2"n2^  dx2dy2] 

-oo  -oo 

The  integrals  in  ( A-l 1 )  can  be  reduced  to  form  (6)  whose  explicit  evaluation 
is  of  the  form  (7).  Thus,  using  (A-4) 

Pk  ^  =  Pkl^u"cl  ,v"nl^  +  Pk2^u"52,v_ri2^  '  Pkl(u"CrV_nl)  *  Pk2^u-52 ,v’n2^ 

*  1  -  [1  -  Pkl(u-er  v-n1)]  [1  -  pk2(u-t2*  v-n2)]  (A-12) 


65 


If  the  ballistic  errors  have  the  same  standard  deviations,  then 

°li  =  °1  for  al  1  i 

a2i  =  °2  for  311  1 

qli  =  ql  for  a11  1 

q2i  =  q2  for  all  i 

and  Pkifu-ci  ,  v-ni )  =  Pju-c^  ,  v-n.) 


66 


APPENDIX  B 


EVALUATION  OF  AN  INTEGRAL 


It  is  required  to  evaluate  the  following  integral 


^  1  2  * 4 


’6n> 


“  1  n  (x*^) 

=  /  exp[-  j  I  - p-- 

—  c  i=l  B* 


dx 


( B— 1 ' 


The  well-known  formula 


2 


will  be  used  in  the  sequel. 

The  problem  will  be  solved  for  n=l  and  n=2  and  a  general  expression  for 
will  be  inferred. 


Case  when  n=l 

The  purpose  here  is  not  in  obtaining  a  final  reduced  answer  (which  is  B 
but  rather  to  obtain  an  expression  whose  form  can  be  generalized  for  any  n. 
(B-l) 


1 1  (“  1  *S  l) 


•  i  (x+o,)‘ 

I  1 


dx 


6 


1 


(B-D 


(B-l) 


/ST), 

From 
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Now 


(B-4) 

(B-5) 

(B-6) 

(B-7) 

(B-8) 

(B-9) 

( B— 10) 
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(B-ll) 


c. 

*  /  exp[ -  \  (x  +  ^-)2]  dx.  exp[ -  \  -  7“)] 

M  1  * 


In  the  Integral  of  (B-ll),  let 


£  i 

JTX  ( x  +  ^  s  y 


dx  =  - dy 


(B-12) 


(B-13) 


and  (B-ll)  becomes 


I,  (a,  ,8,)  -  /  exp(- -$-)  dy  •  exp[-  \  (fij  -  *  )] 

1  1  ff.  l 


expt'  2  ’7[}1 

y  «lt  and  et  are  as  defined  in  (B-5) ,  (B-6) ,  and  (B-7).  respectively. 


(B-14) 


Case  when  n=2 


1  ^ ^  2 *  - 


f  exp{-  2  [ - 2 

-09  6  ^ 


(x+o^r  ( x+a^)' 


?  2 
«?  8  »?  ®  2  8  2  8  2 


2  2 

°1  ®1  °?N 

1  1  -  M  v  X  ( — i-  4.  — ^-1 


»I  62 


b;  b2 


( B- 16) 
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Let 


1  A  1 

Y2  "  B2  B2 
81  8  2 


2  2 
°1  .  °2 
2  T 
81  8  2 


e  -^I2 

2'8?  T 


Using  (B-17),  (B-18),  and  (B-19)  in  (B-16)  yields 


(x+^r  (x-hx 2 )' 


=  y2(x2  +  2X^) 

*  Y2  y2 


3  y2  [(x  +  ^)2  +  ^  -  ^f] 
*  Y2  Y2  y2 


=  Y2(x+^)2  +  fi2-^ 


Substituting  (B-22)  in  (B-15)  results  in 


1  •  ® 2  *  ®  i  • 


/"exp|-i(r2(x^)2*5?-^!} 


It  immediately  follows  that 


I2(al*a2;  81’62)  *  /yj~  exPl-  \  (fi2  -  ^)1 


(B-17) 

(B-18) 

(B-19) 

(B-20) 

(B-21) 

(B-22) 


(B-23) 


(B-24) 
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*2,  6 2  and  e2  are  as 


defined  in  (8-17),  (8-18)  and  (B-19)  respectively 


General  Case 


V  1 
l  T 
i=i  ef 


n  o? 

i  -r 

1*1  9^ 


n  a. 
c  -  T  4 
1  =  1  6? 


ln  (“!  - - “n;  *1**2 . V 


2 

•  .  n  (x*x.) 

/  «>[-?  .2.  "TT^ 


1  =  1  0. 


e*pt'  ■  irr^ 


(The  reverse  of  this  page  is  blank.) 


